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\b\tract 

We  givc^  parallel  RAM  algorithm  for  simulating  a  deterministic  pushdown  automaton.  On  an 

input  of  length  n.  a  DIM)  A  will  use  ntneO(n);  our  simulation  requires  time  Of  log  n)and  only 

poly  normally  many  processors.  I  he  algorithm  can  be  easily  adapted  to  accept  the  1  K(k)  languages  as 

well.  An  easy  generalization  of  the  algorithm  will  simulate  a  deterministic  auxiliary  pushdown 

automaton  that  uses  space  sfn)>log  n  and  time  the  simulation  then  requires  time  Ofsfn))  and 

sOlstn))  pr(lccV(t)rs  j-^is  simulation  is  nearly  optimal  for  parallel  RAMs.  since  we  show  that  the 

language  accepted  in  time  Tfn)  by  a  parallel  RAM  is  accepted  by  a  deterministic  auxiliary  pushdown 

2 

automaton  w  ith  space  Tfn)  and  time  2^  \ 

Introduction 

Hus  paper  assumes  the  parallel  random  access  machine  model  PRAM  as  defined  in  [fortune  and 
Wyllic.  7S],  which  consists  of  a  collection  of  synchronous  deterministic  unit-cost  RAMs  with  shared 
memory  locations  indexed  by  the  natural  numbers.  Simultaneous  reads  are  allowed:  on  each  step,  any 
g’oen  memory  location  may  be  read  simultaneously  by  any  number  of  processors.  How  ever,  no  two 
distinct  pruccsors  can  attempt  to  simultaneously  w  rite  into  the  same  memory  locution  on  the  same  step. 

\  fundamental  question,  which  we  address  in  this  paper,  is  the  time  complexity  of  the  P-RAM:  that 
is.  what  class  of  languages  can  be  accepted  by  the  P-RAM  within  a  given  time  bound? 

Pre\  iously  [Fortune  and  Wyllic,  78]  showed  that  an;  language  accepted  by  a  deterministic  Turing 
machine  with  space  bound  s(n)>log  n  is  accepted  in  time  Ofsfn))  by  a  P-RAM.  Also  [Ruzzo,  80] 
showed  that  any  language  accepted  by  an  auxiliary  pushdown  machine  with  space  s(n)>log  n  and  time 
20(s(n))  js  m  pmc  Ofsfn))-  by  various  parallel  machine  models  including  the  P-RAM. 

The  form  of  the  paper  is  as  follows:  in  Section  1.  we  will  describe  some  assumptions  we  make  of 
the  simulated  deterministic  PDA  in  order  to  simplify  the  presentation  of  the  algorithm  In  Section  2,  we 
introduce  the  notion  of  a  surface  configuration,  and  rephrase  some  of  the  assumptions  of  the  first 
section  as  propositions  about  surface  configurations.  In  Section  3.  we  introduce  some  notation  useful  in 


llu*  proof  of  the  algorithm.  ,mJ  stale  some  lemmas  concerning  this  nouiion.  In  Section  ■).  wc  describe 
the  algorithm.  ;ind.  in  Section  5.  pne  tin  inductive  proof  of  its  correctness  In  Section  (>.  we  point  out 
(Ji.it  the  algorithm  may  he  usc'J  to  simulate  a  space-hounded  auxiliary  pnshdow  n  autonialon.  In  Sec  tion 
7.  we  give  a  eontplcmcntan  rcsoli  mneeminp  siniulaiion  of  P-R.AMs  by  deterministic  auxiliary  PDAs 
in  Section  7,  we  mention  some  related  work.  and  in  Section  fc.  wc  mention  alternative  models  of  parallel 
computation. 

Section  I:  Basie  Assumptions 

Wc  denote  the  cardinality  of  a  set  A  by  |A|.  and  the  lenpth  of  a  string  s  by  |s|  Wc  denote  the 
empty  strinp  by  t.  Wc  denote  the  concatenation  of  strings  sj  and  s->  b>  sj  ess. 

Wc  will  simulate  a  deterministic  PDA  M  with  input  alphabet  2.  state  set  0-  and  stack  alphabet  S. 
Wc  will  for  technical  reasons  assume  that  M  s  transition  function  is  a  mapping  from  (q. 0.0.7)  to  (q'.s). 
where  q  is  the  current  state  and  q'  is  the  next  state,  u  is  the  input  symbol  currently  scanned,  a  is  the  top 
stack  sy  mbol  (if  it  exists),  s  is  a  string  of  stack  symbols  oflcngth  at  most  2  that  will  replace  o  is  the  stack, 
and  7  is  true  iff  the  stack  consists  only  of  a.  Thus  M  s  next  move  ma>  depend  on  whether  the  slack  has 
only  one  symbol  Note  lhai  standard  techniques  allow  this  assumption  and  those  described  below,  and 
furthermore  that  any  DPDA  in  the  form  defined  in  (Hopcroft  and  Ullman.  pp.  253-255]  may  be 
transformed  into  one  in  the  form  used  here  without  changing  the  language  accepted. 

Fora  fixed  input  wj...wn€2n.  wc  can  write  each  configuration  ofM  as(q.i.s)£QX  {0 . n}  X  S*. 

where  q  is  the  state  of  the  finite  control,  i  is  the  position  of  the  input  head  (i.e.  the  number  of  symbols 
that  have  been  read),  and  s  is  the  stack  (with  the  rightmost  symbol  being  the  top  of  die  stack).  Let  I—  be 
the  next  move  relation,  and  h* +  and  I—*  be  its  transitive  and  reflexive-transitive  closures,  respective!). 
For  any  non-negative  integer  a.  let  I— 3  be  the  a-fold  composition  of!—;  i.e.  reachability  in  exactly  a 
steps. 

Wc  assume  of  the  PDA  that  each  push  and  pop  chances  the  stack  height  by  only  one.  that  each 
push  is  accompanied  by  an  advance  of  the  input  head,  and  that  each  advance  of  the  input  head  is 
accompanied  by  a  push.  Any  DCFl.  has  such  a  PDA.  which  is  essentially  a  shift-rcducc  parser  for  the 
DC!  I  (see  Hopcroft  and  Ullman.  pp.  253-255).  It  follows  that  the  height  of  the  stack  never  grows  by 
more  than  n.  the  length  of  the  input. 


We  .iImi  assume  ilut  M  never  changes  more  than  the  top  symbol  of  the  stack:  i.c..  for  s.s'CS*.  o€S. 


it  (q.i  sno)  (q.i.s).  then  s'  =.  scs'  for  some  s". 

We  assume  that  there  are  no  c>clcs  (q.i.s)  +  (q.i.s)  of  length  more  than  one.  hvery  such  cycle 

can  he  replaced  by  a  cycle  of  length  one:  (q.i.s)  I—  (q.i.s).  \kc  let  I  OOI*(q.i.s)  he  the  predicate  that  is 
irui  just  in  case  (q.i.s)  (q.i.s). 

We  assume  that  Ms  stack  initially  contains  a  special  symbol,  and  this  symbol  is  never  popped  (M 
accepts  by  final  state  rather  than  by  empty  stack).  We  may  therefore  require  of  M  that  when  started  in  a 
configuration  with  a  stack  of  size  one.  M  will  never  pop  that  one  symbol,  but  will  loop  instead.  We  have 
therefore 

if  (q.i.soa)  I—  (q'.i'.s’)  then  |s'|>l. 

Moreover,  we  assume  that  M  never  loops  unless  the  stack  has  at  most  one  symbol  (i.e.  M  pops  all  but 
one  of  the  suck  symbols  before  looping): 

if  LOOPlq.i.s)  then  |s|  =  l. 

We  assume  that  the  accepting  configuration  (xacc.£)  is  a  looping  configuration. 

finally,  we  assume  that  if  not  I  OOP(q.i.s)  then  the  next  move  from  (q.i.s)  depends  only  on  the  top 
symbol  of  s: 

for  any  Sj.  S2CS*.  o€S,  if  not  l.OOPlq.i.Sjoo)  and  (q.i.sjoa)  I—  (q'.i'.Sjos). 
then  (q  i-SToo)  I—  (q  .i'.Sios'). 


Section  2:  Surface  Configurations 


Instead  nl  manipulating  complete  configurations  ol  M  the  ulgoi ulitii  manipulates  surface 

% 

configurations.  A  surface  configuration  does  not  speed's  the  enure  stack  only  the  top  symbol.  W  e  alv 
include  in  our  surface  con  figu  rat  ions  a  stack  height  parameter,  go  mg  rclatoc  slack  height  information. 
In  particular,  for  a  fixed  input  u'|...u>|1££n.  wc  write  each  surface  configuration  as(q.i.o.h)£Q  X  {(). ... 

,n)  X  S  X  jU . nj.  where  q  is  the  stale  ol  the  finite  control,  i  is  the  position  ol  tlu  input  head,  o  is  the 

top  symbol  of  the  stack,  and  h  is  a  stuck  height  parameter.  I  ct  X  be  the  set  ofall  such  surface 
configurations  for  input  W|...o.'n.  and  note  that  |\|  -  0(n~).  W  e  extend  the  definition  off—  to  apply  to 
surface  configurations  as  follows:  il  (q.i.soo)  I— (q  .i  .s  oo  ).  then  f<» ,  w\  h  wcm.iy  write  ((q.i.o.h).s)  I— 
((q.i'.c.h').s’).  where  h'  =  h  +  !x'|-|s|.  Because  this  is  true  for  any  h.  wc  haxc  the  following  proposition: 

h-lndcpcndcncc  Proposition:  if (fq.i.o.h).s)  I—  ((q‘.i’.c'.h').s‘).  then  for  any  6.  ((q.i.o.h  +  6).s)  I— 
((q'.i'.o'.h'  +  fi).s') 

Wc  define  h:X  -»  {0 . n}  by  h(q.i.o.h)  =  h.  By  a  simple  induction,  wc  obtain: 

Stack  Height  Proposition:  For  any  x.x'CX  and  s.s'€S\  if  (x.s)  H*  (x'.s')  then  |s'|-|s|  =  h(x>h(x). 

Define  p:X  -*  {0 . n}  by  p(q,i.o.h)  =  i.  That  is.  p(x)  gives  the  position  of  the  input  head  in  surface 

configuration  x.  Because  the  input  head  is  one-way,  wc  have: 

Head  Position  Proposition  1:  If  (x.s)  F- *  (x'.s')  then  p(x')>p(x). 

Because  we  assumed  each  push  is  accompanied  by  an  adv  ance  of  the  input  head,  we  have: 

Ficad  Position  Proposition  II:  if(x.s)  I—*  (x'.s')and  |s’|>|s|.  then  p(x')>p(x). 


Wc  extend  the  definition  of  the  l.OOP  predicate  sothat  for  any  h. )  OOI'(lq.i.o.h).s)  iff  l.OOP(q.t.Soo). 


Suppose  M  is  in  the configuration  (x.s).  where  x  is  a  surC.ice configuration.  Because  M  nevef 
changes  more  ih.in  the  top  symbol  of  the  stack.  if  \1  docs  not  pop.  then  x  remains  intact,  Because  M  s 
next  move  depends  only  on  the  top  s\  mhol  of  the  stack,  x  determines  the  next  state.  If  M  docs  not  pop 
then  x  also  determines  the  new  lop  stack  symbol.  and  hence  the  next  surlace  configuration.  Wc  base 
therefore: 

Slack  Proposition:  if  (x.s)  h—  (x.s)  and  |s|>|s|  ilicn 

( 1 )  s'  =  sos"  for  some  s"€S*.  and 

(2)  if  not  I  00 h x.s)  then  for  any  sj€S*.  (x.Sj ) )—  (x'.sjos"). 

Recalling  that  M  only  loops  if  its  stack  contains  exactly  one  symbol: 


1  001'  Proposition:  if  I.OOP(x.s)  then  s  =  e 

By  induction,  wc  obtain: 


Presen  ation  of  Time  Proposition:  if  (x.e)  I—3  (x',s).  but  there  is  no  b<asuch  that  (x.e)  H ^(x',s’). 


then  for  any  s.  (x.s)  t— a  (x'.Sos’). 


Combining  Computations  Propositions: 

(1)  if  (x.e)  I— *  (x.s')  and  (x'.e)  l~*  (x '.s ").  then  (x.e)  I—  *  (x'.s'os"). 

(2)  if  (x.e)  I—*  (x.e)  and  (x.s)  I—*  (x".s")  then  (x.s)  H*  (x",s”). 


Section  3:  Notation 

We  now  introduce  some  notation  that  will  be  useful  in  proving  the  algorithm.  Wc  first  need  to 
prove  a  claim  that  will  ensure  the  wclldefincdncss  of  the  notation'. 


claim  if(u.e)  I— *  (x.s)  and  (ti  e)  I— *  (x.s  )  then  s  =  s'  (i.e.  s  is  uniquely  determined  by  u  and  x). 
proof  hither  ( x_s)  I —  *  (x.s)  o.r  (x  s')  I—  •  (x.s)  Suppose  without  loss  of  generality  that  (x.s)  I—* 


19 


li(w  )>hlu)  =  h(\ ). 


lemma  r  Suppose  /x.v.//  and  //.y‘./7u- 

l> 

lets  = 

|  >'  else 

ITien  /x.v"./7u. 

pr> »of  Since  |x./]u  and  j/./)u  exist,  so  docs  |x./.']u. 

case  1)  v*  J_.  ITien  for  e\er>  w  £[x.\]u  such  that  vs  *u  and  w*>.  h(w)>h(u).  Since 
v€[x./']  clearly  [y  ,/')u  exists.  We  conclude  /x,y,z7u- 

case  2)  >  =  _L.  Then  for  o  cry  w€(x./]u  such  that  u^u  and  u*y,  h(w)>h(u).  Suppose 
v'*  _L  (the  case  in  which  y'  =  _L  is  analogous).  Then  for  every  vv€[z.v)u  such  that  w*u 
and  w  *  \',  h(w)>h(u)  In  summary,  for  every  w€[x.v']u  such  that  w*u  and  w*y\ 
h(w  )>h|u).  W  e  a!s,.  have  that  [y'.z']u  exists,  so  /x.y\z7u. 


lemma  18  If  |u]s.  h(u)>h( \ ),  and  [x.v]u  exists,  then  {x,±,y}y. 

proof  Suppose  w€|x.ylu.  Ihcn  [w]u.  so  by  the  stack  height  proposition,  h(w)>h(u)>h(v).  By 


lemma  1,  (x.yJN  exists,  so  we  may  conclude  that  fx,±,y}y. 


c;isc  2)  h(y')<h(y).  In  this  case.  >"  =>'.  It  follows  from  ihc  hypothesis  that  if(y './)  exists 
and  w£|s'./]u.  then  h(w  )>h(>‘).  It  also  follows  from  the  h\ pothcsis  that  |x./]u  and 
I/.>  Ju  cxisl-  s*'|x->‘)u  exists  Suppose  vs €|x.> ']u:  then  either  w£|x./Ju  or  w£|/.\‘J  If 
wC|x./]u  then  h(w)>h(\ )>h(y').  If  w6|/.\']L|.  then  again  h(w)>h(y').  We  mat 
therefore  conclude  <x.y'.7'>u. 


lemma  7  lf|u]v  <x.y.a[/]u>u.  and  h(x  )>h(u).  then  <x.y,a[z]v>v. 

Pr<*lf  B\  the  definition  of<x.y.a|/lu>u.h(a|/lu)>h(>).  so  h(a[/)u)>h(u).  so  a|/lu  =  a[/]s  h>  lemma 
3.  We  therefore  have  <x.y.a|/]v>u.  But  then  by  lemma  4.  <x.y.a[/]s  >v. 

lemma  15  If  h(w  )>h(x)  for  every  w£[x.\]u  then  [y]x. 

proof  Since  h(y  )>h(x).  clearly  y*x  Since  [x.ylu  exists,  (u.e)  H*  (x.s)  M  (y.s')  for  some  s.s£S*. 
and  some  minimal  integer  a>  1 .  We  pro\ e  the  lemma  by  induction  on  a.  Consider  the  ease 
a=  1.  so  (x.s)  h-  (y.s ).  Suppose  (x.r )  1—  (y',s").  Since  [x.y']x  exists,  by  lemma  1 
|x.\')x  =  Jx.y']uC)x.\]u.  so h(y')>h(x).  soy'*x.  Then  there  is  no  b<a=  1  such  that  (x.e)  h-b 
(y'.s").  so  by  the  preservation  of  time  propostion.  (x.s)  H  (y'.sos").  so  in  fact  (y,s')  =  (y’.Sos"). 
We  conclude  that  [yjx. 

Now  assume  the  lemma  holds  for  a>  1,  and  suppose  (x.s)  Ha  (x'.sj)  h-  (y.s  ).  By  the 
inductive  hypothesis.  lx’)x.  so  (x.x’]x  exists,  so  h(x')>h(x)  as  above.  Since  |\‘)x.  we  have  (x.e) 

I— a(x',s2)  forsome  s2£SV  Since  h(x  )>h(x).  by  the  stack  height  proposition  s2*c.soby  the 
LOOP  proposition,  not  I  OOP(x\s2).  Suppose  (x’,s2)  I—  (y'.s");  we  have  that  (x.t)  h-a+  1 
(y'.s")  but  there  is  no  b<a+  1  such  that  (x.e)  l-b  (y'.s")  (else  (x'.s2)  =  (y'.s”).  so  1.00P(x\s2) ). 
Then  by  the  preservation  of  time  proposition,  (x.s)  1— a+  ^  (y'.sos").  so  y  =  and  we  conclude 
that(ylx. 

lemma  16  lf(u]s.  h(u)  =  h(\),  and  /x.y .//u.  then  /x.y,7/v 

proof  Suppose  y  =  1  (the  case  in  which  y*±  is  analogous)  Then  |x,/]u  exists,  and  ifw£[x,7]u 
then  h(w)>h(u).  But  by  lemma  1  |\./]x  exists  and  |x./]x  =  |x./]u.  so  if  w£[x.7]v  then 


lemma  4  ||'[u|v  and  <x.\./>u  then  <x.\./>v. 

proof  By  lemma  l.|x.yjv  exists  and  |x.y)v  =|x.\)  .  'I"hen  since  h(w)>h(v)  for  c.ieh  C [x.> |u_  it 
follows  dial  li(«  )>h(y )  for  eaeh  w  £|v.y]v.  Similarly.  by  lemma  2.  if  (>./.]  exists,  then  (y./]N 
exists,  and  (v./]x  =(>  v)u  Hence  if  w£(y./)v  then  w  £(>./]u.  so  h( vs )>h(> ).  We  conclude  that 
<x.y./>s . 

lemma  S  If  (u.e )  I— *  (x.sj)  1— *  (y.s-,)  and  for  each  w£|x.y]u.  h(w)>h(y).  then  S|  =  S2°s‘  for  some 
s'€S*. 

proof  The  lemma  follows  from  die  following  claim: 

claim  if  (u.e)  I—  *  (x.sj)  t— a  (y.s-))  for  some  a.  then  for  any  h  such  that  h(w)>h>h(u)  for 
every  w  €|x.\]u.  there  is  a  string  of  length  h-h(u)  that  is  an  initial  substring  ofsj  and  Sj. 
proof  of  claim  b>  induction  on  a.  The  case  a  =  0  is  trivial,  so  assume  the  claim  is  true  for  a, 
and  suppose  (u.e)  H*  (x.Sj)  I—  (x".Sj') )— a  (>.Ss).  By  the  inductive  hypothesis.  there  is 
a  string  s  of  length  h-h(u)  that  is  an  initial  substring  ofsj'  and  sj.  Consider  the  move 
(x.Sj)  h-  (x  .sj’). 

If  the  move  is  a  pop.  tlicn  Sj'  is  an  initial  substring  of  Sj.  hence  so  is  s  therefore. 
assume  the  move  is  not  a  pop.  so  by  the  stack  proposition.  Sj'  =  Sjos’  for  some  s'  CS*. 
Now  bv  the  stack  height  proposition.  |xj|  =  h(x)-h(u).  Since  clearly  x£|x.v]u  we  have 
h(x)>h.  Therefore.  h-h(u)<h(x)-h(u),  so  s  is  no  longer  than  Sj.  Since  s  is  an  initial 
substring  of  Sj'  =  Sjos”,  s  is  an  initial  substring  of  Sj. 

lemma  6  Suppose  <x.y,/>u  and  <z,y’,z’>u. 

Let  y”  =  {  y‘  ifh(y’)<h(y) 

{  y  else 

Then  <x,y",z’>u. 

proof 

case  1)  h(y’)>h(  > ).  In  this  case,  y"  =  y.  It  follows  from  the  hypothesis  that  |x,y]u  exists  and 
h(w)>h(>)  for  every  w€[x.y]u.  Suppose  (y,z']u  exists,  and  w€(y,z’ju.  Hither  w£(y,z]u 
or  w€[z,z'}u.  If  w€[y.?]u  then  h(w)>h(y)  follows  from  the  hypothesis.  If  w€[/,z’Ju, 
then  h(w)>h(v')>h(y).  Since  in  cither  case  h(w)>h(y),  we  may  conclude  <x,y,z>. 
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lemma  0  Suppose  (x.r)  I — a  { x‘.s').  hut  there  is  no  h<a  such  that  (x.r )  \~ b  (x.s'l  I  hen  for  am  nCS* 
and  each  0<b<a. 

(i)  if(x.t)  l-b  (x".s")  then  (x.s)  l—11  (x'.sos').  and 

(ii)  if  (x.s)  H-b  (x'.s2)  then  (x.r)  I— b  (x'  .s')  w  ith  s2  =  sos”. 

groof  By  the  hypothesis,  if(x.e)  l-b  (x"  .s")  then  not  1.001’(x".s ").  Then  (i)  follows  by 

Presen  ation  of  Time  Proposition.  Now  suppose  (x.s)  1— b  (x  ,s2).  Choose  (x2.s  )  so  that  (x.r) 
)-b  (x2.s").  Again  not  1  OOP(x2.s").  so  (x.s)  l-b  (x2,sos").  so(x2.Sos")  =  (x  ",s2). 

lemma  1  If  |u]v.  and  [x.y]u  exists,  then  (x.y]x  exists,  and  ix.y]v  =  [x.y)u. 

proof  (v.e)  H*  (u.s)  and  (u.e)  f— *  (x.s^  H*  (y  ,s2)  for  some  s.S].s2£S*.  Hence  (\.t)  H*  (u.s)  H * 
(x.seSj)  I—*  (y.SoSs).  so  [x.y]%  exists.  Moreover.  ifw£[x.y)u  then  (x.Sj)  h- *  (w.s3)  I—*  (y.s2)  for 
some  s3€S*.  so  (x.sosj)  H*  (w.s<>s3)  (y.SoSs).  so  w €(x.y]v  Now.  let  a  he  minimal  such  that 
(u.r )  h-a  (>.s2).  and  suppose  u£[x.y)x  Then  (u.s)  I— b  (w.s3)  Hc  (>.s<>s2)  for  some  s3  and 
some  b.c  such  that  b  +  c<a.  lf(w,s3)=(y.sos2),  then  w  =  y£(x,y)u.  Otherwise,  by  lemma  0. 
(u.t)  H-b  (w.s’)  with  s3  =  soS'.  Because  (u.r)  I— *  (x.Sj).  either  (x.Sj)  I-*  (w  .s')  or  (w.s')  h* + 
(x.Sj).  In  the  former  ease,  w£[x,y)u.  In  the  latter  case.  (w,s3)  I—  +  (x.soSj),  contradicting 
choice  of  w. 

lemma  2  lflu)v  and  (x,y]u  exists,  then  (x,y]N  exists,  and  (x,y]v  =  (x.y]u. 

proof  immediate  from  lemma  1. 

lemma  3  If  |u)v  and  h(a[x]u)>h(u),  then  a[x]v  =  a(x]u. 

proof  Bv  definition  ofa[xlu.(u.t)l-*  (x.sj)  l-a(a[xju.s2)  for  some  s3  s2€S*.  Because  h(a[x]u)- 
h(u)>0.  |s2l  |£|  =  |s-)l>0by  Stack  Height  Proposition,  sos2*t.  so  not  1.00P(alx)u.s2)by  die 
LOOP  Proposition.  Then  by  Preservation  of  Time  Proposition,  (u.s)  H*  (x.SoSj)  l-a 
(a[xJu.sos2)  for  any  s£S*.  In  particular,  if  s  satisfies  (v.r)  I—*  (u.s).  then  (v.e)  (x.SoSj)  )-a 
(a|x}u.SoS2).  so  by  definition,  a(x]y  =  a|x]u. 
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CH  luO)  lluiNtwil}  I (n)  space  is  required  by  our  simulating dcicrminstic  APDA. 

Sole  |Ku//o.  82]  has  alv>  prosed  this  result  independently  b>  combining  some  known  complcxii> 
bounds  for  various  parallel  machine  models. 

Section  8.  further  Work 

I  he  '  Ki  k )  grammars  considered  in  [Knuth.  65]  arc  frequently  used  in  practice  for  programming 
languages,  (be  k-symbol  lookahead  required  for  recognition  of  an  l.R(k)  language  b>  a  DPDA  may  be 
incorporated  into  stage  0  of  our  algorithm,  using  only  O(k)  extra  time. 

As  mentioned  at  the  end  of  Section  4,  our  algorithm  for  DCR  recognition  requires  time  Oflog  n) 
and  0(n4)  processors.  It  is  easy  to  show  that  in  fact  only  0(n-^)  processors  arc  necessary,  after  a  minor 
modification  of  the  algorithm. 

Section  9:  Alternative  Parallel  .Machine  Models 

[Ruzzo.  80]  ga\c  an  alternating  machine  algorithm  for  recognition  of  context-free  languages  in  time 
0(  log-n)  and  simultaneously  poly  nomial  tree-size.  As  he  points  out.  this  algorithm  can  easily  be 
simulated  in  time  Odog  n)  and  a  polynomial  number  of  processors  by  parallel  machine  models  which 
allow  resolution  of  both  read  and  write  conflicts.  It  is  also  easy  to  show  that  Ruzzo’s  algorithm  can  be 
simulated  by  a  depth  0<log  n)  circuit  with  a  polynomial  number  of  logical  elements  but  unbounded 
degree.  (See  [Stockmcycr  and  Vishkin,  81].) 

However.  Ruzzo' s  algorithm  requires  Q(log  n)  time  on  the  usual  models  of  parallel  computation 
that  disallow  write  conflicts.  It  is  an  open  question  whether  general  context-free  recognition  can  be 
done  in  time  o(log*m)on  a  P-RAM.  Also,  it  is  open  whether  circuits  of  constant  degree  and  depth 
o(  log-n)  can  recognize  the  class  of  languages  accepted  by  deterministic  TMs  with  space  0(log  n). 


Theorem  2  Let  I  be  .icccpicd  b>  a  DI’DA.  Then  I  is  accepted  b>  a  t‘-R  \M  w  nh  time  0(log  n) 
and  0(n4)  processors. 

proof'!  he  theorem  follows  from  'Ihcorem  1  and  comments  at  the  end  of  section  4. 

Section  6:  Simulation  of  a  Deterministic  Auxiliary  Pushdown  Automaton 

Consider  now  the  simulation  of  an  s(n)  space-bounded.  t(n)  time-bounded  deterministic  auxiliary 
pushdown  automaton  M  with  a  stack  discipline  satisfying  the  assumptions  of  Section  1.  Kach  surface 
configuration  for  such  a  machine  will  contain: 

(i)  the  current  state  of  M  (in  the  finite  control). 

(ji)  the  position  of  the  input  head. 

(iii)  the  contents  of  the  w  ork  tapes  and  positions  of  the  w  ork  tape  heads. 

(iv)  the  relative  height  parameter,  which  may  be  bounded  by  the  time  bound  t(n). 

For  a  fixed  machine  M.  the  number  of  such  surface  configurations  is  bounded  by  2®^n^  •  t(n)^^. 

The  simulation  algorithm  is  exactly  the  one  given  in  section  4.  except  that  the  number  of  stages  is 
now  flog  t(n)1-+  1.  Ihus.  if  t(n)  =  2^^n^.  the  algorithm  requires  time  0(s(n))  and 
processors.  Thus  we  have 

Theorem  3  Let  L  be  accepted  by  a  deterministic  APDA  with  space  s(n)  and  umc  2^s(n)\  Then  L 
is  accepted  by  a  P-RAM  with  time  0(s(n))  and  processors. 

Section  7:  Simulation  of  P-RAMs  by  Deterministic  APDAs 

We  show  here  that  our  P-RAM  algorithm  of  Section  4  for  simulating  deterministic  APDAs  is  nearly 
optimal,  since  there  is  a  complementing  simulation  of  P-RAMs  by  deterministic  APDAs. 

Ihcorem  4  l.et  L  be  accepted  by  P-RAM  with  time  T(n).  Then  L  is  accepted  by  a  deterministic 
APDA  with  space  T(n)  and  time  \ 

prooflFortunc  and  Wyllic,  78)  prove  in  their  Lemma  lb  that  1.  is  accepted  by  a  deterministic  TM 

2 

with  T(n)^  space,  and  time  2®^n)  \  We  use  exactly  their  algorithm,  but  implement  it  on  a 
dcicrministic  APDA.  Their  algorithm  is  recursive  and  requires  a  pushdow  n  stack  of  si/c  at 
most  T(n),  where  each  element  on  the  stack  can  be  reprsented  by  a  bit  sequence  of  length 
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conclude  <w  .Ck+lH\|x>x 

Icmm.i  13  If  <l’k  +  ||xj.\.>>x  then  <x.l‘RI  Did  k  +  j|x  v|.(2k  +  '  )(v]x>x.  K’l>rrcctnoss  of 
l,RKI)ICIk  +  1). 
proof  I  ,ci  x*=Rk|x|. 

ease  1)  h(y)<h(x*).  In  this  ease.  PRHI)ICT  k+ ]|x.y]  =  HOPk  + jlx.y].  (see  figure  12a]  By 
corollary  to  lemma  10.  <Pk|xj.l  k(x*l-Pk  +  j|x]>x.  anc*  wc  assume  <Pk  +  j {xj.y.y >x- 
Since  h(y)<h(x*)=h(l.k|x*]).  by  lemma  6.  <Pk[x].y,y>x.  Then  by  lemma  12. 

<>.HOPk  +  1ix.y].(2k  +  ,H>]x>x- 

ease  2)  h(y)>h(x*).  We  arc  given  <Pk  +  jlx].y.y  >x.  Choose  b  so  that  y  =  b[Pk  +  il*J]x- 
Recall  that  Pk  +  i[x)  =  Pk[x*].  so(Pk  +  j[xDx«.  and  let  y*  =  bfPj^  j[x])x*.  We  have 
h(Pk  +  i[x])>h(y)>h(x*).  so  by  lemma  3.  y'  =  b[Pk  +  |[x]]x»  =  b[Pk  +  1[xJ]x  =  y.  Then 
fPk  +  j[x].y]x*  exists,  so  by  lemma  1,  [Pk  +  jjxl.y]x*  =  [P|t  +  ]|x] ,y]x.  Now  suppose 
»  €[Pk  +  j|x).y]x.:  then  »  €|Pk  +  j|x).y]x.  so  h(w  )>h(y )  (since  we  have 
<Pk  +  ](x].y.v>x.)  We  may  then  conclude  <Pk|x*].y.y>x.  (recalling  that 
Pk[x-]  =  Pk  +  j[x]).  Let  7  =  HOPk  +  j(x*,y].  By  lemma  12.  <y.z,(2k  +  ^)[y]x*>x«. 
case  A)  h(z)>h(x*).  (see  figure  12b]  in  this  case.  PREDlCTk  +  |[x.y]  =  z,andby 
lemma  7.  <y,z,(2k  +  ^Xy]x>x- 

ease  B)h(z)=h(x*).  In  this  case,  PREDiCTk  + j[x,y]  =  HOPk  +  j[x.z].  [see  figure 
12c]  Since  <Pk+  i[x].y.y>x  and  <y.z.z>x,  by  lemma  6  we  have 
<Pk+l[x],z,z>x.  Letz’  =  HOPk  + j[x,z].  By  lemma  12.  <z.z',(2k  + ^)(z]x>x. 
Then  certainly  <z,z’.(2k  +  ^)[y]x>x  and  so,  by  lemma  6.  <y,z\(2k  +  ^)[y]x>x. 

lemma  14  <Pk  +  j[x].Rk  +  j(x].(2k  +  ^)[Pk  +  j[x]]x>x-  (Correctness  of  Rk  +  j) 
proof  By  definition.  Rk  +  j[x]  =  PRF.DlCTk  +  j[x.Pk  + j[x]].  Trivially, 

<Pk  +  i[x].P^  +  i(x].Pk  +  ]lx)>x.  so  the  lemma  follows  from  lemma  13. 


Theorem  1  follows  by  induction  on  k. 


corolbn  <Hk|x|.l  k|Kk|x]|.Pk  +  j|x)>K. 

£mK>f  I  -ct  x*  =  KkJxJ.  By  correctness  of  Kj,.  <l’k|x|.x\x*>x.  By  Icmm.i  1U  <l*kjxj.l  k|x*J.Hk|x*]>x 
Recalling  that  Pk  +  i(x|  =  Pk|x*J.  we  arc  dune. 

lemma  11  <x.l-k  +  i|xj.l»k  +  j|x]>x  and  h(l.k+  i|x|)  =  h(x).  (Correctness  ofl.k  +  j) 

proof  jscc  figure  10]  Clearly  Wl.k  + 1|x))  =  h(x)  by  the  definition  of  l.k  +  j|x).  By  correctness  of 
|.k.  <x.l  k|x].Pkjx)>x.  By  corollary  to  lemma  10.  <Pk}x].l.k|Kklx]].Pk  +  )|x]>x.  Ilten  hy  lemma 
6.  <x.l.k  +  i(xU’k+j(xi>x  (see  definition  of  I  k+  j{x]). 

lemma  12  If  <Pk[x].y,y>x  then  <y.HOPk  +  ]|x..v].(2k  +  ^X>)x  V 

proof  Let  z= PREDICTk[x,y],  Since  <Pk[x],y.y>x.  by  correctness  of  PREDICT^  <y,z.(2kX>]x>x. 

It  follows  that  <y,z,z>x,  and  that  ]y,z]x  exists.  Let  i*  =  Rk[z],  By  correctness  of  Rk. 
<Pk(z].z*,(2kXPk{zHz>r 

ease  1)  h(7*)>h(z).  In  this  case.  HOPk  +  1[x,y]  =  Lk[z].  [see  figure  21a]  By  lemma  7, 
<Pk[z].z*.(2k)IPk[z]]x>x.  Since  <y.z,z>x.  we  may  apply  lemma  10  to  obtain 
<y,Lk(zl.Pk[zI>x.  Hence,  by  lemma  6.  since  h(/.kfz])=  h(/Kh(z*>.  we  obtain 
<y.Lk[z].(2k)[Pk|z]]x>x.  By  correctness  of  Pk.  Pk|z)  =  a]z)z  for  some  a>2k.  Since 
h(Pk[z])>h(z*)>h(z),  by  lemma  3  we  obtain  a[z]z  =  a[z]x.  hence  Pk|z]  =  a[z]x.  Since 
[y.z]x  exists,  z= b[y]x  for  some  b>0,  so  (2kXPk[zj]x= (2k  +  a+ bXy]x-  Since  a>2k 
(2kXPk[z]]x  =  (2k  + 1 +cXy]x  for  some  c>0.  so  we  may  conclude 
<x.Lk(z].(2k  +  1Xy]x>x. 

casc2)h(z*)=h(z).  In  this  case.  HOPk  +  1[x.y]=PRHDI€Tk[x.z*].  [see  figure  21b]  We 
assumed  <Pklx].y,y>x.  By  correctness  of  PR  BDlCTk.  <>,z.z>x.  By  the  stack  height 
proposition.  <z.z*.z*>1  so  by  lemma  4,  <z,z\z*>x.  Then  by  lemma  6.  <y.7*.z*>x.  and. 
by  a  second  application  oflcmma  6.  <Pk|x].7*,z*>x.  Letz  =PRHDlCTk[x.z*J.  By 
correctness  of  PREDICT^  <z».z\(2kXz*]x>x  Since  <y.zV>x.  by  lemma  6  we  obtain 
<y.z’.(2kXz*]x>x- 

lfz*€(z,(2kXy]x]x.  then  /*  would  contradict  <>.z.(2kXy]x>x  because  h(z*)=h(z). 
Thus  z*=a[y]x  for  some  a>2k.  so  (2k)(z*]  =  b[y]x  for  some  b>2k  +  \  so  we  may 


hold  for  k+  1.  Ihen  by  induction.  P|-|((g  |  ^  satisfice  its  correctness  hypothesis.  In  particular.  if  *jn)I  is 
the  imli.il  surface  configuration  for  input  u>|. ..w|r  I'pj  |  -j|\  J  vs  ill  gnc  the  filial  surf.icc 
configuration,  and  thus  the  final  stale  of  the  PDA.  The  proof  follows: 


riieorcm  i  (x.f)  i-a  (Pnog  nM-Yiog  nlxD for  a>  •  • 
lemma  8  l  et  x*  =  Rk[x],  T  hen  (x.f )  H*  (x*.sk|x.x*j). 

proof  |sec  figure  17]  By  correctness  of  l‘k.  (x.c)  I—  •  (P^jxJ.s^Ix]).  Ry  correctness  of  Rl.  (Pk[x].sk[x]) 
*  (x*.s)  for  some  s.  and  if  w€]Pk|x].x*]x  then  h(w)>h(x*).  Hence  by  lemma  5.  s  is  an  initial 
substring  of  sk(x].  Since  by  stack  height  proposition.  |s|  =  h(x*)-h(x).  we  conclude  s  =  sk[x,x*]. 

lemma  9  (x.e)  P-a  (Pk  +  j(x].sk  +  j[x])  for  some  a>2k  +  (Correctness  of  Pk  +  j) 
proof  Let  x*  =  Rk|x],  By  correctness  ofPk.  (x.f)  I— a  <PkJx].skIx])  and  (x*.c)  I— ^  (Pk]x*J.sk[x*])  for 
somea.b>2k. 

By  lemma  8.  (x.c)  H*  (x*.sk[x.x*J).  so  by  combining  computations,  (x.e)  P-* 
(Pk|x*].skIx.x*]°sklx*]).  and  (Pk[x*].sk(x,x*]osk(x*])=(Pk  + j[x].sk  + j[x])  by  definition  of 
Pk  +  1  and  sk  +  i. 

ease  1)  h(Pk[x*])  =  h(x*).  [sec  figure  18]  By  correctness  of  Rk.  if  w€(x*.(2k){Pk[xnx]x  then 
h(w)>h(x*),  so  we  must  conclude  that  Pklx*]C(x*,(2k)[Pk[x]]x)x.  so  (Pk[x].sk[x])  P-c 
(Pk|x*].sk  +  j[x])  for  some  c>2k. 

ease  2)  h(Pk[x*]»h(x*).  (see  figure  19]  Then  by  lemma  3.  (x’.SjJx.x*])  h- ^ 

(Pk|x*].sk(x.x*]oSk{x*]).  so  again  (PkIx].sk[x])  Hc  (Pk(x*].sk  +  jfx))  for  some  c>b>2k. 
Weconclude  in  either  ease  that(x.e)  I— a+c(Pk  +  i(x].sk+  j[x])  with  a+c>2k  +  2k  =  2k  +  1. 

lemma  10  If  <x.y.y>u  then  <x.I.k[y].Pk[y]>u. 

proof  Let  y'  =  l.klvl.  (see  figure  20]  By  correctness  of  Lk,  <y,y'.Pk[y]>y  and  h(y')=h(y).  Since 
[y]u.  <y.y’.Pk(y]>u  by  lemma  4.  Then  by  lemma  6.  we  conclude  <x.y\Pk[y]>u.  since 
h(y')=h(y)„ 


Section  5:  Proof  of  C  drroctncss 

We  introduce  variables  denoting  the  contents  of  the  simulated  stuck  Their  values  arc  never 
computed:  they  exist  only  to  make  the  proof  easier.  We  define  sk|x]  and  sjx.y]  inductively  as  follows 

if  (x.c)  I —  (>.s) 
then  1cisqJx]  =  s 


lor  k  =  0 . Hog  11-1. 

let  sk+1|xj  =  sk(x.x*}oSkJx*) 
where  x*  =  Rk|x] 
and  for  all  y€X  with  h(y)>h(x). 

sk(x.y]  =  the  leftmost  h(y)-h(x)  symbols  of  sk[x]. 

The  values  of  the  arrays  Pk|x],  Lk[x).  HOPk|x.y],  PRF.D1C1  k[x,y).  and  Rk[xj  will  be  inductively 
show  n  to  satisfy  the  follow  ing  correctness  hypotheses,  for  each  k: 

Correctness  of  Pk:  (x.c)  Ha  (Pk(x].sk(x])  for  some  a>2k.  |sce  figure  13] 

Correctness ofLk:  <x,Lk|x].Pk(x]>x  and  h(Lk|x])  =  h(x), 

(sec  figure  14] 

Correctness  of  PR KDlCTk:  if  <Pk|*].y,y>x  then  <y.PRF.DJCTk(x.y].<2k)(>]x>x. 

(see  figure  15] 

Correctness  of  Rk:  <Pk|x].Rk|x].(2k)(Pk(x]]x>x. 

(sec  figure  16] 


It  can  easily  be  checked  that  the  intial  values  satisfy  the  above  hypotheses,  for  k  =  0.  Assuming  the 
correctness  hypotheses  hold  for  Pk.  l.k.  PRHDICI  k.  and  Rk.  we  show  the  corresponding  conditions 


I  or  each  x.y C.\  such  that  h(x)<h(>  ><h(Pk|x]]). 

|PRII)7cTk|x./*]  ifh(/*)  =  h(z) 

lei  IIOI»k+  ]|x.y)  :  = 

|l  k|/)  else 

where  /  =  PRFI)ICTk(x.y]  and  t*  =  Rk(z] 

(see  figure  11] 


For  ejeh  x.s  £\  such  that  h(x)<h(>  i<h(Pk  +  j[x]), 

1  HOPk  +  i|x>]  if h(y)<h(x*) 

let  PRKDIC1  k  +  1(x.y] :  =  |HOPk+1M  ifh(y)>h(x*)and  h(z)=h(x*) 

|  z  else 

where  x*  =  Rk(x]  and  z  =  HOPk  +  j[x*,y] 

(see  figure  12] 


For  each  x€X, 

lctRk  +  1[x]:=  PRFDICTk+l(x.Pk+llx]] 


We  shall  show  in  the  next  section  that  Pk[xJ  gives  a  surface  configuration  reachable  from  (x,e) 
in  at  least  2k  steps.  In  particular,  if  (Xjnjt.t)  is  the  initial  configuration  and  (xacc,e)  the  accepting 
configuration  when  the  input  is  «j...wn£2n,  then  P(-[0g  Tl^initl =  xacc  M  accepts  the  input 
(recalling  that  we  assumed  (xacc,e)  to  be  a  looping  configuration). 

F.ach  of  the  riog  T1  + 1  stages  requires  constant  time  on  a  P-RAM.  if  w  e  assign  a  processor  to  each 
pair  x,y  of  surface  configurations.  Recalling  that  T  =  2|Q||S|(n  + 1)  and  that  the  number  of  surface 
configurations  is  |X|  =  |Q||S|(n  + 1)“,  we  see  that,  for  a  fixed  DPDA,  the  algorithm  requires  parallel  time 
CHlog  n)  and  O(n^)  processors. 


reader  scan  the  inductive  corrective  hypotheses  and  the  corresponding  figures  (found  in  the  next 
section)  in  order  to  better  understand  the  algorithm. 

’Ihc  initialization  is  as  follows. 


For  each  x€X. 
if  (x.e)  I —  (y.s). 
lctFolx]  :=  y 

fc,W:.{W  IO’<F01*1)=0 

x  else 

For  each  x,y€X  such  that  h(x)<h(y)<h(Pg[x]), 

if  (x,e)  F-  (x',s),  s  is  the  initial  substring  of  s’  of  length  h(y)-h(x), 
and  (y.s)  F-  (z.s’’)  for  some  s’’ 

klPRED!CTg|x.yJ:  =  f! 

y  else 

(see  figure  8] 

For  each  x€X, 

let  RqIx)  :  =  PREDICTqIx.PoIxI] 

The  algorithm  proceeds  in  stages  k  =  0, ...  XlogTI.  At  stage  k  +  1.  we  assume  that  the  values  ofPk.  Lk. 
PREDICT^,  and  Rk  have  been  stored,  and  compute  Pk  +  |,  Lk  +  j.  PREDICTk+ }.  and  Rk  +  ^  as 
follows: 


For  each  x€X, 


lctpk  +  i|x):=  Pk[Rk(xJ] 


(see  figure  9) 
ktLk  +  lW’=  ■ 


*  k(Rk(xD 

Lk(x] 


ifh(Rk{x])  =  h(x) 
else 


(see  figure  10) 


lemma  1  H|u|v.  and  |x.> )u  exists.  then  |x.\  1^  exists,  .itu)  |x .> lv  =  |x.\Ju. 


|scc  figure  2) 

leniin.i  2  lf|u]v.  and  < x.x exists,  then  (x.\]v  exists,  and  (x.\]v  =  (x,\)u. 

lemma  3  lf|u]v.  and  h(a|x)u)>h(u).  then  a[x)v  =  a[x)u. 

|sce  figure  3] 

lemma  4  lf[u]v  and  <x.y.z>u.  then  <x.y./>v. 

(see  figure  4] 

lemma  S  If  (u.e)  1— *  (x.Sj  >  t — *  (y.^)  and  for  each  w€[x.y]u.  h(w)>h(y).  then  Sj  =  S2«s’  for  some 

s€sr 

[see  figure  5] 

lemma  6  Suppose  <x.y.z>u  and  <z.y'.r.’>u. 

fy'  >fh(y')<h(y) 

Ut  y"  =  -j 

(y  else 

Then  <x,y",z’>u. 

[see  figure  6] 

lemma  7  lf[u]v.  <x.y.a[z[u>u.  and  h(y)>h(u),  then  <x,y,a[zlv>v. 

[see  figure  7] 

Section  4:  The  Algorithm 

We  now  describe  the  algorithm  for  simulating  T=2|0||S|(n  +  l)  steps  of  M.  (An  argument  like  that 
found  in  [Aho  and  Ullman.  p.  396]  w  ill  establish  that  if  M  accepts  an  input  of  length  n,  it  docs  so  in  at 
most  T  steps.)  The  data  structures  used  arc  arrays  indexed  by  surface  configurations  and  having  surface 

configurations  as  their  elements:  P^jx].  l.jjx].  HOPjJx.y).  PREDlCfjJx.y],  and  R^[x],  for  k  =  0 . riog 

T1.  The  algorithm  is  relatively  short  but  its  proof  contains  a  non-trivial  induction.  We  suggest  the 


(x.s).  Its  the  stack  height  proposition.  |s'|=  |s|  I ( .ins  intermediate  configuration  (>. s' )  had 
|s"|>|s|  then  p(x)>p<>)>p(x).  a  contradiction.  Similarly.  if  |s"|<|s|  =  |s'|.  then  p<  x  )>p<  s  >>  p<  x ) 
Hence  K’|  =■  JsJ :  i.c.  even  intermediate  configuration  has  stack  height  equal  to  |s|.  Hut  since  M 
never  changes  more  than  the  top  s>  mho!  of  the  stack,  we  may  conclude  s'  =  s. 

I .ct  |xlu  denote  the  proposition  (u.e)  I—*  (x.s)  for  some  s. 

If(u.e)  H*  (x.s j )  I— •  (s.s-0  for  some  Sj.s->.  then  we  shall  sat  [x.y]u  exists,  and  denotes  the  set  {/jtx.sj) 
1—  •  (7.S3)  h-*(y.S2>  for  some  S3}:  others*  ise  (x.y]u  does  not  exist. 

lf[x.>]u  exists,  we  let  (x.y]u  =  {z|z€[x,y]u  andz*x}. 

Note  that  |x.y]u  and  (x,y]u  are  intended  to  suggest  closed  and  open  intervals,  respectively. 

If  (u.t)  1— •  (x.sj)  h*a  (y.S2>  then  a(x]u  denotes  y. 

Let  <x,y.z>u  denote  the  proposition: 

(1)  [x.y]u  and  [x.z]u  exist; 
and  (2)  if  w€(x,y]u  then  h(w)>h(y), 
and  (3)  if  (y-z^  exists  and  w€(y ,z]u  then  h(w)>h(y). 

Informally,  with  respect  to  computations  starting  at  u,  either  y  occures  between  x  and  z  and  has  minimal 
stack  height  of  all  such  intermediate  configurations  (and  is  otherwise  latest),  or  y  occurs  after  z  and  has 
minimal  stack  height  of  all  configurations  between  x  and  z.  [see  figure  1] 

Note  that  it  follows  from  <x,y.z>u  that  <x,y.w>u  for  any  w  C(y.z]u  (and  in  particular  that  <x.y,y>u). 
and  that  <w.y.z>u  for  any  '/€[x,y]u  (and  m  parlicular  lha[  <y.y.z>u). 


We  state  eight  lemmas  whose  proofs  may  be  found  in  the  appendix.  We  suggest  the  reader  try  proving 
one  in  order  to  become  familiar  with  the  notation. 
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figure  2:  lx,y]u=lx,yl 


figure  7:  <x,y,a[z]u>u  implies 


PREDtCT0{x.y]  =  ?  in  case  h(z)<h(y) 


figure  10b:  Lk  +  i(x]  =  l  K(\)  in  case  h(Kk|x|)>h(x) 


figure  1  lb:  HOP^  +  jfx.y]  =  L^fzJ  in  case  h(z*)>h(z) 
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